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Chapter One
1. Resistance

It may be defined as the property of a substance due to which it opposes (or restricts) the flow of
electricity (i.e., electrons) through it.

1.2. The Unit of Resistance

The practical unit of resistance is ohm. The symbol for ohm is Q.

Prefix Its meaning Abbreviation Equal fo
Mega- One million M Q 10° Q
Kilo- One thousand kQ 10° Q
Centi- One hundredth - -
Milli- One thousandth m £ 10° Q
Micro- One millionth nQ 10° Q

1.3 Laws of Resistance

The resistance R offered by a conductor depends on the following factors:

(i) It varies directly as its length, L.

(ii) It varies inversely as the cross-section A of the conductor.

(iii) It depends on the nature of the material.

(iv) It also depends on the temperature of the conductor.

.-"(

Current

Smaller | Larger |

Larger A Smaller A

Low R Greater R
Fig. 1

Neglecting the last factor for the time being, we can say that:
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l l .
R O(Z or R =pz (D)

Where p is a constant depending on the nature of the material of the conductor and is known as its
specific resistance or resistivity.

If in EqQ. (i), we put

L = 1 meter and A = 1 metre?, then R = p (Fig. 2)

Hence, specific resistance of a material may be defined as the resistance between the opposite faces of
a meter cube of that material.

1.4 Units of Resistivity

From Eq. (i), we have p = ATR

In the S.1. system of units,

A metre? X Rohm AR

= = ohm —metre
p 1 metre L

Hence, the unit of resistivity is onm-metre (2 — m).

Table 1.2. Resistivities and Temperature Coefficients

Material Resistivity in ohm-metre Temperature coefficient at
at 20°C (x 10°) 20°C (x 107)
Aluminium, commercial 28 403
Brass 6—8 20
Carbon 3000 — 7000 -5
Constantan or Eureka 49 +0.1 to 9.4
Copper (annealed) 1.72 393
German Silver 20.2 27
(84% Cu; 12% Ni; 4% Zn)
Gold 2.44 36.5
Iron 9.8 65
Manganin
(84% Cu ; 12% Mn ; 4% Ni)
Mercury
Nichrome
(60% Cu ; 25% Fe ; 15% Cr)
Nickel
Platinum
Silver
Tungsten
Amber
Bakelite
Glass
Mica
Rubber
Shellac

Sulphur
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Example: Most homes use solid copper wire having a diameter of 1.63 mm to provide
electrical distribution to outlets and light sockets. Determine the resistance of 75 meters
of a solid copper wire having the above diameter.
Solution: ol
4
_ w(1.63 X 107 m)*
4
209 X 107 m?

Now, using the Table above, the resistance of the length of wire 1s;

ot
A
_ (1,723 X 107" Q-m)75 m)
209% 10°m?

0.619 (2

Example: Bus bars are bare solid conductors (usually rectangular) used to carry large
currents within buildings such as power generating stations, telephone exchanges, and
large factories. Given a piece of aluminum bus bar as shown in Figure, determine the
resistance between the ends of this bar at a temperature of 20°C.

Solution The cross-sectional area is

A (150 mm)(6 mm)
(0.15 m)(0.006 m)
0.0009 m?

=9.00 X 10~*m’

The resistance between the ends of the bus bar is determined as
R=£
A
(2.825 X 107 Q-m)(270 m)
9.00 X 1074 m?

= 8.48 X 107% () = 8.48 m()

Example: A coil consists of 2000 turns of copper wire having a cross-sectional area of
0.8 mm2. The mean length per turn is 80 cm and the resistivity of copper is 0.02 uQ-m.
Find the resistance of the coil and power absorbed by the coil when connected across
110 V d.c. supply.
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Solution. Length of the coil, /7 = 0.8 x 2000 = 1600 m ;
A=038 11]1112_ =0.8x 10°m”.

R :p% —0.02x 10°x 1600/0.8 x 10°=40 Q
Power absorbed = 77/ R =110%/40 =302.5 W

Example: An aluminium wire 7.5 m long is connected in a parallel with a copper wire 6 m
long. When a current of 5 A is passed through the combination, it is found that the current in
the aluminium wire is 3 A. The diameter of the aluminium wire is 1 mm. Determine the
diameter of the copper wire. The resistivity of copper is 0.017 uQ- ; that of the aluminium is

0.028 pQ-m.

Solution. Let the subscript 1 represent aluminium and sub- J
script 2 represent copper.
/2
a,

-
p-L and R, =p,
(71 B N

- R p I
=a.-L 2.2

R, py 4
Now = 3 Mg, =a=F=2LA,
If V1s the common voltage across the parallel combination of aluminium and copper wires, then

VvV =R =1, sz . RJ/R,= L/ =213
_md’ _mxl' _m
= —=——=—"mm
4 4 4

Substituting the given values in Eq. (7), we get

2 6 - g

= —X=ZX—-X—-=02544m"
4 3 0028 75

d,=0.569 mm

a,
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Tutorial Problems No. 1.1

. Calculate the resistance of 100 m length of a wire having a uniform cross-sectional area of 0.1 mm’
if the wire is made of manganin having a resistivity of 50 x 10° Qm
If the wire is drawn out fo three times its original length. by how many times would vou expect its
resistance to be increased 7 [500 £k 9 times]

. A cube of a mafterial of side 1 cm has a resistance of 0.001 (2 befween its opposite faces. If the same
volume of the material has a length of 8 cm and a vniform cross-section, what will be the resistance
of this length ? [0.064 £}

. A lead wire and an iron wire are connected in parallel. Their respective specific resistances are in the
ratio 49 : 24, The former carries 30 per cent more current than the latter and the latter is 47 per cent
longer than the former. Determine the ratio of their cross-sectional area. [2.5:1]

. A rectangular metal strip has the following dimensions :

¥x = 10ecmy=05cm, z=02cm
Determine the ratio of resistances &,. &, and K. between the respective pairs of opposite faces.
[B :R : R :10,000:25: 4] (Elect. Engg. A M. Ade. 8.I)

. The resistance of a conductor 1 mm” in cross-section and 20 m long is 0.346 £ Determine the specific
resistance of the conducting material [1.73 x 10°* Qm] (Elect. Circnirs-I, Bangalore Univ. 1997)

). When a current of 2 A flows for 3 micro-seconds in a coper wire, estimate the number of electrons
crossing the cross-section of the wire. (Bombay University, 2000)
Hint : With 2 A for 3 p Sec, charge transferred = 6 p-coulombs
Number of electrons crossed = 6x 10%(1.6x 10°°)=3.75x 10" "

1.5 Conductance and Conductivity
oo sill ML 5 Cliaall) ) pa8 e Ak sl 5alall 5 )08 4 dlial sall 5 4l el Ao gliall G sSxa a0 43l Sl Alial sl
oo Ly Bl oS Al gl a2 5o e slial) dad e 855 5all ol gall i 5 5 Bl 5o 8580 pualic
Balall 4 5lia g Juaa gall J gl aa LS g Juan gall alaiall dalisa
Conductance (G) is reciprocal of resistance*. Whereas resistance of a conductor measures the
opposition which it offers to the flow of current, the conductance measures the inducement which it
offers to its flow.
. l 1 A oA
From Eq. (i) of Art. 1.6, R = p- or G = e |
where o is called the conductivity or specific conductance of a conductor. The unit of conductance
is siemens (S).
It is seen from the above equation that the conductivity of a material is given by
G siemens x| mefre

. 4
g=G—=
A

= =G - siemens/ metre
A metre” 4

1.6. Effect of Temperature on Resistance

The resistance of a conductor will not be constant at all temperatures. As temperature increases,
more electrons will escape their orbits, causing additional collisions within the conductor. For most
conducting materials, the increase in the number of collisions translates into a relatively linear increase
in resistance.
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1.7. Temperature Coefficient of Resistance
Let a metallic conductor having a resistance of R;; at 0°C be heated of r°C and let its resistance at
this temperature be R, Then, considering normal ranges of temperature, 1t 1s found that the increase
m resistance A R = R, —R;, depends
(7) directly on its initial resistance
(ii) directly on the rise in temperature
(ii"y on the nature of the material of the conductor.
or R,—Ry == Rxt or R,—Ry=0R,t ...(0)
where o (alpha) is a constant and 1s known as the temperature coefficient of resistance of the conduc-
for.

| R-R _ AR
Rearranging Eq. (7), we get 0.= Ry x1 = Ry X1
If Ry = 1Q¢=1°C, then w=AR=R -R,
Hence, the temperature-coefficient of a material may be defined as :
the increase in resistance per ohm original resistance per °C rise in temperature.
FromEq. (/), we find that R, = Ry(1+ )

It should be remembered that the
above equation holds good for both rise
as well as fall in temperature. As tem-
perature of a conductor 1s decreased,
its resistance 1s also decreased. In Fig.
1.3 is shown the temperature/resistance
graph for copper and 1s practically a
straight line. If this line 15 extended
backwards, it would cut the tempera-
ture axis at a point where temperature :
15 —234.5°C (a number quite easy to _23"4_5.{_: ) ﬂ
remember). It means that theoretically, -tC =
the resistance of copper conductor will Fig. 1.3
become zero at this pomnt though as
shown by solid line, in practice, the curve departs from a straight line at very low temperatures.
From the two sumilar triangles of Fig. 1.6 it 1s seen that

i z+234.5_(1+ t ]
R, 2345 2345,

aa
o
=
a3
L
o
a
e

T

¢
R, = R, [1 +m] or R,=R; (1 + o f) where o0 = 1/234.5 for copper.
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/— Slope m = jf

Absolute
7ero >
>

u J
29315 T

Temperature intercept

N —— e

Temperature Intercepts and Coefficients for Common Materials

@ «@
T co eyt
(°C) at 20°C at 0°C
Silver —243 0.003 8 0.004 12
Copper 34 0.003 93 0.004 27
Aluminum 3 0.003 91 0.004 24
Tungslen 202 0.004 50 0.004 95
Iron 62 0.0055 0.006 18
Lead — 0.004 26 0.004 66
Nichrome 0.000 44 0.000 44
Brass S 0.002 00 0.002 08
Platinum 31C 0.003 03 0.003 23
Carbon —0.000 5
Germanium —().048
Silicon —0.075

We observe an almost linear increase in resistance as the temperature increases. Further, we see
that as the temperature is decreased to absolute zero (T=-273.15°C), the resistance approaches zero. In
Figure, the point at which the linear portion of the line is extrapolated to cross the abscissa
(temperature axis) is referred to as the temperature intercept or the inferred absolute temperature T of
the material. By examining the straight-line portion of the graph, we see that we have two similar
triangles, one with the apex at point 1 and the other with the apex at point 2. The following
relationship applies for these similar triangles.

Ry = 1= “R,

Example: An alummum wire has a resistance of 20 Q at room temperature (20°C). Calculate the
resistance of the same wire at temperatures of -40°C, 100°C, and 200°C.
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Solution:
At T = —40°C:
The resistance at —40°C is determined using Equation 3-6.
—40°C — (—236°C) 196°C

R—JO’C = s T 204} = — 200 =1530Q)
200C —(—236°C) 256°C

AtT = 100°C:
100°C — (—236°C)

Rire = “0ec = (<236°C)

At T = 200°C:

200°€ = (—2367C)

Roprors =
2ET apie = (—=236°C)

1.8. Value of «a at Different Temperatures

So far we did not make any distinction between values of a at different temperatures. But it is found
that value of a itself-is not constant but depends on the initial temperature on which the increment in
resistance is based.

Suppose a conductor of resistance R, at 0°C (point 4 in Fig. 1.4) is heated to 7°C (point B). Its

resistance R, after heating is given by
R, = R,(1+0,0) 0

where o is the temperature-coefficient at 0°C.
Now. suppose that we have a conductor of resistance R, at temperature /°C. Let
R,t°C—/B this conductor be cooled from 1°C to 0°C. Obviously. now the initial point is B
and the final point is 4. The final resistance R, is given in terms of the initial
resistance by the following equation

RO = R;[l"‘ﬂr(—ﬂ]:R;(l -0 . 1) ...(i7)
Rr_Ro

From Eq. (/) above. we have o,= 2 x?
T

Substituting the value of R, from Eq. (7), we get

o= -RO(I—F{IOFJ_RO_ Oy _— 0o

s = SO, = ...(iif)
Ry(Q+oa,H)xt 1+o,t I+og 7

In general. let o= tempt. coeff. at #,°C : 0, = tempt. coeff. at 7,°C.
Then from Eq. (7/7) above, we get
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Similarly.

Subtracting one from the other, we get

11 11
- = = = = = 4 (f — oL =
o o (r,—,) or % o (t, ;) or o, U

Values of o for copper at different temperatures are given in Table No. 1.3.

Table 1.3. Different values of o for copper
Tempt. in °C 0 5 10 20 0 40 50
o 0.00427 0.00418 0.00409 0.00393 0.00378 0.00364 0.00352

In case Rois not given, the relation between the known resistance R1 at t1°C and the unknown resistance Rz at
t2°C can be found as follows:

Ry(1+o,1) and R =R,(1+0,1)

14 Oty

R, 1+ ot

The above expression can be simplified by a little approximation as follows :

R’: . | 4
f =1+ (1+o,1)
1

= (1 +oy1,) (1-0,1) [Using Binomial Theorem for expansion and

= 1+0y(t, —1;) neglecting squares and higher powers of (¢, 7,)]
R, = R [1+0o,(t,-1))] [Neglecting product (0 7,7,)]
For more accurate calculations. Eq. (iv) should. however, be used.
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Example 2 . A copper conductor has its specific resistance of 1.6 x 10° ohm-cm at 0°C and
a resistance temperature coefficient of 1/254.5 per °C at 20°C. Find (i) the specific resistance and
(1i) the resistance - temperature coefficient at 60°C. (F.Y. Engg. Pune Univ. Nov.)

o 1 o
= - - SOy = per °C

Solution. 0,y =

2345

1+0g %20 " 2545 1+ 0p%20
Q) Peo = Po(l+0yx 60)=1.6x 10° (1 +60/234.5)=2.01x 10° Qcm

. 3 Oy _ /2345 1
#7) Yo = 1+0,x60 1+(60/234.5) 294.5
Example 3 . A platinum coil has a resistance of 3.146 Q at 40°C and 3.767 Qat 100°C. Find
the resistance at 0°C and the temperature-coefficient of resistance at 40°C.
(Electrical Science-II, Allahabad Univ.)

Solution. Rigo = Ry (1+100 o) (D
R, = R,(1+40 ) ()

3767 -1+1000to

3.146 1+40 o,

From (7). we have 3.767 = R, (1+100x 0.00379) .. R,=2732Q

.- Og 000379 _ 1
ow, %o = T+400. 1+40x0.00379 304

per°C

or 0f=0.00379 or 1/264 per°C

per°C

Tutorial Problems No. 1.2

1. It is found that the resistance of a coil of wire increases from 40 ohm at 15°C to 50 ohm at 60°C.
Calculate the resistance temperature coefficient at 0°C of the conductor material.

[1/165 per °C] (Elect. Technology, Indore Univ.)

. A tungsten lamp filament has a temperature of 2.050°C and a resistance of 500 () when taking normal

working current. Calculate the resistance of the filament when it has a temperature of 25°C. Tem-

perature coefficient at 0°C is 0.005/°C. [50 € (Elect. Technology, Indore Univ.)
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Chapter two

2. Ohm’s Law
The ratio of potential difference (V) between any two points on a conductor to the current (1)
flowing between them, is constant, provided the temperature of the conductor does not change.

4 14
In other Words,7 = constant or T = R

Example A coil of copper wire has resistance of D at 20°C and is connected to a 230-
Vsupply. By how much must the voltage be increased in order to maintain the current consant if the
temperature of the coil rises to 60°C ? Take the temperature coefficient of resistance of copper as
0.00428 from 0°C.

Solution. As seen from Art. 1.10
R,  1+60x0.00428 _
= SR, = 1.25 0856 = 104.
R, 1520 x 0.00428 Re, =90 x 1.2568/1.0856 = 104.2 Q
Now, current at 20°C =230/90 =23/9 A
Since the wire resistance has become 104.2 Q at 60°C, the new voltage required for keeping the
current constant at its previous value = 104.2 x 23/9=266.3 V

mncrease in voltage required = 266.3 —230 =36.3 V

2.1. Resistance in Series
When some conductors having resistances R1, R2 and R3 etc. are joined end-on-end as in Fig. 2.1,

they are said to be connected in series. It can be proved that the equivalent resistance or total resistance
between points A and D is equal to the sum of the three individual resistances. Being a series circuit, it
should be remembered that:
(i) Current is the same through all the three conductors.
(i) voltage drop across each is different due to its different resistance-and is given by Ohm’s Law.
(iii) Sum of the three voltage drops is equal to the voltage applied across the three conductors.
There is a progressive fall in'potential as we go from point A to D as shown in Fig. 2.2.
A % B R c R D
i AN AP A A i

- lr"' - VE - F’:’; -

'y
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o V=V +V,+V;=IR, +IR,+IR; —Ohm’s Law
But V =1IR
where R 1s the equivalent resistance of the series combination.
IR = IR, +IR,+IR; or R=R,+R,+R,
1 1 1 1

Ao ¢ a'e's
As seen from above, the main characteristics of a series circuit are :

. same current flows through all parts of the circuit.

. different resistors have their individual voltage drops.

. voltage drops are additive.

. applied voltage equals the sum of different voltage drops.

. resistances are additive.

. powers are addifive.

2.3. Voltage Divider Rule
Since in a series circuit, same-current flows through each of the given resistors, voltage drop varies
directly with its resistance. In Fig. 2.3 is shown a 24-V battery connected across a series combination

of three resistors.

Total resistance R =R/ +R,+R;=1210
According to Voltage Divider Rule, various voltage drops are :

2 _4v
12
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Example:-Using the voltage divider rule. determine the voltage across Ri&Rs (if Vo = 45v).

2k 5k 8k

A A A
A A

Solution: Rr=15kQ. V, = % V= % .45 = 6v m R2 Ra
T

Example:- Determine the voltage across 5€2 in the following circuit.

Solution: U yaka g ye 48l <IN 5 yilall () €5 Ladie :Adan>la - l 1553
oy i - (] - H . U“ : !
\’;154;)45_‘;5;5_1:15;45%@#% i

750
Visa = 2250 *15 = V75 =5v

c0 15402 :

VSH = m* 5 - VE = 1.667v

1502

w
<

[
|

2.4. Resistances in Parallel
Three resistances, as joined in Fig. 2.4 are said to be connected in parallel. In this case:
(i) p.d. across all resistances is the same.
(ii) Current in each resistor is different and is given by Ohm’s Law and
(ii1) The total current is the sum of the three separate currents.
N

Ry

AR
WA

h

LRy

L g AAAN
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vV .V .V
=L +L+L=—+_—+_
I=54+h*h R R, R,

% where ¥ 1s the applied voltage.

I
- R = equivalent resistance of the parallel combination.
' 1_1 .1 _ 1
K — or —_— 4+ — 4+ —
R R R R R
Also G

The main characteristics of a parallel circuit are :

. same voltage acts across all parts of the circuit

. different resistors have their individual current.

. branch currents are additive.

. conductances are addifive.

. powers are additive.
Example:- Determine the voltage drop across each resistor and the current through of each
resistor using Ohm’s law.

Solution: Ra=2Q. Rg=2Q.Rc=1Q

L=2A  Vi=LR—V;=2* =8y

Ra=2v  Rg=2v

V,=2v Vi=2v
L=2-05A =2 =05A - R,= 1A,
40 40

Vy=LRy=05v, Vs=I;Rs=1.5V

The Current Divider Rule:
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=1 ) = (i)
L= \Ry+R,)” 27 ""\R; +R,

‘i (e glae e SIS Ll ()5S Laie dald Vs il

Rr
I,.=—1
X Rx T

Example 6: What is the value of the unknown resistor R in Fig. 1.16 if the voltage drop across
the 500 Qresistor is 2.5 volts ? All resistances are in ohm. (Elect. Technology, Indore Univ.)

550 50 [ 550 .~ 50

AAAA T ANMNN—C 1 A i - A = MWWN—0

v/,

Flg. 1.16
Solution. By direct proportion. drop on 50 Q2 resistance = 2.5 X 50/500=0.25V
Drop across CMD or CD = 2.5+025=2.75V
Drop across 550 Qresistance = 12 -2.75=925V
I = 9.25/550=0.0168 A.I, =2.5/500 = 0.005 A
I, = 0.0168 —0.005 =0.0118 A
0.0118 = 2.75/R: R=233Q
Example 1.26. Calculate the effective resistance of the following combination of resistances
and the voltage drop across each resistance when a PD. of 60 V is applied between points A and B.

Solution. Resistance between 4 and C (Fig. 1.17).
= 6||3=2Q

3

Resistance of branch ACD = 18 +2=20Q
Now. there are two parallel paths between points 4
and D of resistances 20 Q and 5
Hence. resistance between A and D=20||5=4 ~
..Resistance between 4 and B=4+8 =12 Q f-‘/‘?/‘._.‘\
Total circuit current = 60/12 =5 A Fig. 1.17

20
Current through 5 Qresistance = SX5-=4A
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Example:- Determine the power at 6 using the current divider rule for the circuit below.

Solution:

6*4—24+16—4n
6+4 7 T

Ll._Q =71 16

_ 16 _
Sat16 >l = 1020 =84

P=I?R 5P =(32)2+6=6144W

Example:- Find V; and Is for the circuit shown below.

Solution:

’ﬂ\, i
3.602

2]

Vg ==+ 16.8 = 6v

6
= I =5+ 1= 0.6674
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Example:- Find [; and I, in Figure below.
Ri=1002
100mA |

R2-47Q)

Kirchhoff’s Laws: Kirchhoff’s laws, two in number, are particularly useful (a) in
determining the equivalent resistance of a complicated network of conductors and (b)
for calculating the currents flowing in the various conductors. The two-laws are:

Il + (_-[3) + (_Ig) + (+ I4) + (_15) =0
L +1L,-L-L-I.=0 o L +I,=L+L+I
incoming currents = outgoing currents

1. Kirchhoff’s Point Law or Current Law (KCL)

It states as follows: in any electrical network, the
algebraic sum of the currents meeting at a point (or

junction) is zero. Kirchhoff

Similarly, in Fig. below (b) for node A

+ I+ (L) + (L) + (-I)+ (-I)=0 or EIL+I,+1I,+1,
We can express the above conclusionthus: X 7=0 ....at a junction
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2. Kirchhoff’s Mesh Law or Voltage Law (KVL)

It states as follows: The algebraic sum of the products of currents and
resistances in each of the conductors in any closed path (or mesh) in a
network plus the algebraic sum of the e.m.fs. in that path is zero.

It should be noted that algebraic sum is the sum that takes into account the
polarities of the voltage drops.

In other words, 2 IR + Y e.m.f.= 0 ...round a mesh

Node\

Sum currents IN

I, +L,+1;=0amps
Sum currents OUT

-1, -L,-1,=0 amps
Kirchhoff’s Current Law

Sum Voltages (counterclockwise order) :
Vs + Vg +V; + V=0 volts
Sum Voltages (Clockwise order):
—V5-Vg—-V;+ V=0 volts
Kirchhoff’s Voltage Law

Branch

Kirchhoff’s analysis for the
above mesh (a) is givenin
(b) and (c)

» Determination of Voltage Sign

In applying Kirchhoff’s laws to specific problems, particular attention should
be paid to the algebraic signs of voltage drops and e.m.fs., otherwise results
will come out to be wrong. The following sign conventions are suggested:

a) Sign of Battery E.M.F.

A rise in voltage should be given a + ve sign and a fall in voltage a —ve sign.
Keeping this in mind, it is clear that as we go from the —ve terminal of a
battery to its +ve terminal (Fig. 2.3), there is a rise in potential, hence this
voltage should be given a + ve sign. If, on the other hand, we go from +ve
terminal to —ve terminal, then there is a fall in potential, hence this voltage
should be preceded by a —ve sign. It is important to note that the sign of the
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battery e.m.f. is independent of the direction of the current through that

current current

E -
A =, B A+ V _ B A_ V +B
& —] ‘— O O O o\ VW— ¢ o — WA =@

- ) R_ = motion ——motion
Rise in Fall in Fall in Rise in

Voltage Voltage Voltage Voltage
+E o ) -V=-IR +V=+IR

b) Sign of IR Drop
Now, take the case of a resistor (Fig. below). If we go through a resistor in
the same direction as the current, then there is a fall in potential because
current flows from a higher to a lower potential. Hence, this voltage fall
should be taken —ve. However, if we go in a direction opposite to that of the
current, then there is a rise in voltage. Hence, this voltage rise should be
given a positive sign.
It is clear that the sign of voltage drop across-a resistor depends on the
direction of current through that resistor but is independent of the polarity of
any other source of e.m.f. in the circuit under consideration.
Consider the closed path ABCDA in Fig. below. As we travel around the
mesh in the clockwise direction, different voltage drops will have the
following signs:

IR, is —ve fall mn potential)

LR, 1s —ve

(
(

LR, 1s +ve (rise in potential)

fall in potential)

LR, 1s —ve (fall m potential)
, Is —ve (fall i potential)
E, 1s +ve (rise 1n potential)

Using Kirchhoff’s voltage law, we get
—I, R, -LR, -LLR, -I,R, -E, + E, =0
or LR +LR,-LR,+IR,=E -E,
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Solving Simultaneous Equations

Electric circuit analysis with the help of Kirchhoff’s laws usually involves
the solution of two or three simultaneous equations. Determinants rule
provide a simple and straight method for solving network equations.

> Determinants

a bj. : . .
The symbol | . 4| is called a determinant of the second order (or 2 x 2 determinant) because

it contains two rows (ab and cd) and two columns (ac and bd). The numbers a, b, ¢ and  are called
the elements or constituents of the determinant. Their number in the present case is 2° = 4.
The evaluation of such a determinant is accomplished by cross-multiplicaiton is illustrated
below :
a b

A =| X . |=ad-bc
& d

The above result for a second order determinant can be remembered as
upper left times lower right minus upper right times lower left
a b ¢ _ _ o,
The symbol | a, b, represents a third-order determinant having 37 =9 elements. It may

a, E>3 c;

be evaluated (or expanded) as under :
1. Multiply each element of the first row (or alternatively, first column) by a determinant obtainedby omitting the
row and column in which it occurs. (It is called minor determinant or just minor as shown in Fig. below.
2. Prefix + and — sing alternately to the terms so obtained.

3. Add up all these terms together to get the value of the given determinant.
Considering the first column, minors of various elements are as shown in Fig. below.

. b £ / __HR 1’__:—'1
AN

II 4] Cq ‘I & y
\ / -
& y b C,

Minor of a, Minor of a, Minor of a,

Expanding in terms of first column, we get

A= a b, “_g4 b ¢
11),_(‘3 21 b, ¢

+a b
3
ER b,

= a, (byc; —bye,) —a, (bc; —bye)) + ay (byc, —D,c)) ..(1)

c,
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Expanding in terms of the first row, we get

/ — bj (‘j
A=a b, ¢ b

a, ¢, e a, bz
a; G as b
= a, (by,cy —bse,) —b, (a,c5 —ase,) + ¢, (a,by —azb,)

which will be found to be the same as above.
Example: Verify Kirchhoff’s voltage law for the circuit of Figure

Solution If we follow the direction of the current, we write the loop equa-
tion as

:50VE= 2V =BV =61V =3 Ve =S1"Vi=\0

Example. Evaluate the determinan

3 4
6 -2
~2 1l

Solution. We will expand with the help of 1st column.

~3 —4
6 -2

D=7_% 2-323 9

-2 11 IESEY
= 7[(6 % 11) =(=2 x =2)] + 3 [(=3 x 11) ~(~4 x ~2)] ~4 [(=3 x ~2) (=4 x )]
=7 (66 —4) + 3 (=33 -8) —4 (6 + 24) = 191




Department of Renewable Energy Electrical technology First year

Techniques Engineering By: Dr. Naseer T. Alwan

Solving Equations with Two Unknowns

Suppose the two given simultaneous equations are
ax +by = ¢
dcxtey = f
Here, the two unknown are x and v, a, b, d and e are coefficients of these unknowns whereas ¢ and
fare constants. The procedure for solving these equations by the method of determinants is as fol-
lows :

1. Write the two equations in the matrix form as L{} i’ } [T } = [ }

2. The common determinant is given as A = [

3. For finding the determinant for x, replace the co-
efficients of x in the original matrix by the con-
stants so that we get determinant A, given by

. For finding the determinant for v, replace coetfi-
cients of v by the constants so that we get

. Apply Cramer’s rule to get the value of x and y

A ce-bf A, af —cd
rX=—= € d == = =
"TA Tae—bd VTN T ae—bd

Example. Solve the following two simultaneous equations by the method of
determinants: 4i, —3i, = I

3i

;—di, =2

Solution. The matrix form of the equations 1s H B } [:1 } = [})}

A T 2|=(@x-%5-(-3x3)=-11

T =(0x=3-(-3x2)=1

=(4x2)-(1x3)=5

|
—-11
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Solving Equations with Three Unknowns

Let the three simultaneous equations be as under :
ax + by +cz d
ex +fy + gz h
jxt+thk+iz m
The above equations can be put in the matrix form as under :
a b ¢ R Td
e f &g Y= |h
J ok z Li]
The value of common determinant is given by
a b c
A=le f g|=a(fl-gk)-e(l-ck)+ jbg—-cf)
Jg k1
The determinant for x can be found by replacing coefficients of x in the original matrix by the
constants. _
d b c

A = | B f g|=d(fl1-gk)—h(bl-ck)+mbg —cf)
1 m k1

Similarly. determinant for y is given by replacing coefficients of y with the three constants.

a d c
A, =|e h g|=a(hl-mg)—e(dl—mc)+ j(dg— hec)
) Jjg om 1
In the same way, determinant for z is given by
b d

A, I =a (fin— hk) —e(bm — dk) + j (bh — df)
-k m

As per Cramer’s rule X . V= j‘ .

Example. Solve the following three simultaneous equations by the use of determinants
and Cramer’s rule

i, +3i,+4i;, = 14
i, +2i,+ti; =7
2i, +i,+2i, =2
Solution. As explained earlier, the above equations can be written in the form

e
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4
1]=1(4—1)—1(5—4)+(3—5)=—9
4

1|=144-1)-7(6-4)+23-8)=18

=1(14-2)-1(28—-8)+2 (14— 28)=—36

A, Y 7| c1@=T)—1(6-14)+2 (21— 28)= -9

According to Cramer’s rule,

, 3 _
i = L 1_59 oA, 2 —; 4AQ 3 _9@ 1A

Example. What is the voltage Vs across the open switch in the circuit of Fig. below?

Solution. We will apply KVL to find Vs. Starting from point A in the clockwise
direction and using the sign convention, we have
TV, +10-20-50+30 =0 .~ V. =30V

o>

Example. Find the unknown voltage V1 in the circuit of Fig. below.
A B C

T16A

( 4 J10A

AR 4_"...\

F 9 E D

Solution. Taking the outer closed loop ABCDEFA and applying KVL to it, we get
—16x3-4x2+40-V;=0: . V;=—=16V

Example: Verify Kirchhotf’s voltage law for the circuit of Figure

Solution If we follow the direction of the current, we write the loop equa-

tion as
ISV—2V—-=3V—=-6V—-3V—1V=0
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Example: Find the current in each branch for the circuit shown.

Solution:

Stepl) Assign the current as shown 1n figure,

Step 2) Indicate the polarities of the voltage drops on all
resistors in the circuit using the assumed current directions.
Step 3) Write the Kirchhoff voltage law equations.

Loop abeda: 6 V-2 QL +2Q)L-4V=0V

Notice that the circuit still has one branch which has not been included i the KVL equations,
namely the branch cefd. This branch would be included 1f a loop equation for cefdc or for
abcefda were written. There 1s no reason for choosing one loop over another, since the overall
result will remain unchanged even though the intermediate steps will not give the same results.
Loop cefdc: 4 V-2 Q)L -(4Q)L+2V=0V

Now that all branches have been included in the loop equations, there 1s no need to write any
more. Although more loops exist. writing more loop equations would needlessly complicate the
calculations.

Step 4) Write the Kirchhoff current law equations. By applymg KCL at node c, all branch
currents in the network are imcluded.

Nodec: L=L+1L

To simplify the solution of the simultaneous linear equations we write them as follows:

211 = 213 - 013 =2
011 -213 = 413: -6

11, + 11, - 1I=0
The principles of linear algebra allow us to solve for the determinant of the denominator as

follows:

=22+4)—-0+ 1(8) =20

Now, solving for the currents, we have the following:
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22+4)+6(2)+0 _
20
2D
-6 —4
0 -1
D
-6 —4] |2
o =120} i
20

2

26)+0+1(-8) _ 4
20 )

ol

20
_26)—0+1(12+4) 28 _
= o =55 = 1400A

Example 2.6. Using Kirchhoff’s Current Law and Ohm’s Law, find the magnitude and
polarity of voltge V in Fig. below (a). Directions of the two current sources are as
shown.

Solution. Let us arbitrarily choose the directions of 14, I, and I3 and polarity of V as
shown in Fig below. (b). We will use the sign convention for currents. Applying KCL to

node A, we have
A )

203304 1) V6 Q 534;::': '\-:SAZ Qs (1) v26Q Z4a(})8A
= e ; o —~30A >N

-.____.___. e, N -

B B
(@) (b)
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I, +30+L-I,-8 =0
or I,-L+I = 22 ...(1)
Applying Ohm’s law to the three resistive branches in Fig. 2.9 (b). we have

v 4 4

L = =, I; = k=% (Please note the —ve sign.)

Substituting these values in (i) above. we get
v (-v\.¥
E—t?‘ij =22 or V=24V

The negative sign of 12 indicates that actual direction of its flow is opposite to that

shown in Fig. (b). Actually, 12, flows from A to B and not from B to A as shown.

Incidentally, it may be noted that all currents are outgoing except 30A which is an
incoming current.

H.W. For the circuit shown in Fig. 2.10, find VCE and VAG.
6 E 8 F

AMM

H.W. Determine the currents in the unbalanced bridge circuit of Fig. below. Also,
determine the p.d. across BD and the resistance from B to D.

A

r

G
Yz *"

\
\
‘B
e

|
T
Tt
e
T
#

{f
/ (y+z) (x+y) ¥
[‘:
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H.W. Two batteries A and B are connected in parallel and load of 10 Q is connected
across their terminals. A has an e.m.f. of 12 V and an internal resistance of 2 Q; B has
an e.m.f. of 8 V and an internal resistance of I Q. Use Kirchhoff’s laws to determine the
values and directions of the currents flowing in each of the batteries and in the external
resistance. Also determine the potential difference across the external resistance.

X

12V
|

i}
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Thevenin Theorem:

R
‘2 A [The Thevenin
WAAO voltage e is the open
T circuit voltage at
terminals A and B g Thevenin

R owéﬁ equivalent
g - The Thevenin circuit

Circult | registance r is the

resistance seen at
0 | AB with all voltage
B | sources replaced b
i short circuits and all
Thevenin Theorem current sources
replaced by open
circuits.

It provides a mathematical technique for replacing a given network, as viewed from two output
terminals, by @ single voltage source with a series resistance. It makes the solution of complicated
networks (particularly, electronic networks) quite quick and easy. The application of this extremely
useful theorem will be explained with the help of the following simple example.

R R,

R

C C

— MWW An—C

p—
R, [

Ry r Rz% <= = \r\
L %

- \:__72 'k_fJJ

D B

(b)

Fig. 4.1

Suppose it is required to find current flowing through load resistance R, as shown in Fig. 4.1 (a). We
will proceed as under:

1. Remove R from the circuit terminals A and B and redraw the circuit as shown in Fig. 4.1 (b).
Obviously, the terminals have become open-circuited.

2. Calculate the open-circuit voltage Voc which appears across terminals A and B when they are open
i.e. when RL is removed. As seen, Voc = drops across Rz = IR where | is the circuit current when A and
B are open.




First year
By: Dr. Naseer T. Alwan

Department of Renewable Energy

Techniques Engineering Electrical technology

E LR,
R +R, +r

I:W I’m:fﬂzz

resistance of battery]
It 1s also called ‘Thevenin voltage’ V.

[ 1s the internal

3. Now, imagine the battery to be removed from the circuit, leaving its internal resistance r behind, and
redrawing the circuit, as shown in Fig. 4.1 (c). When viewed inwards from terminals A and B, the
circuit consists of two parallel paths : one containing R> and the other containing (R: + r). The
equivalent resistance of the network, as viewed from these terminals is given as

CRy(R +7)
R, + (R +r1)

R = R, |(R+7)=

This resistance is also called,* Thevenin resistance Rsh (though, it is also sometimes written as Ri or
Ro). Consequently, as viewed from terminals A and B, the whole network (excluding R1) can be
reduced to a single source (called Thevenin’s source) whose e.m.f. equals Voc (or Vsh) and whose
internal resistance equals Rsh (or Ri) as shown in Fig. 4.2.

4. RL is now connected back across terminals A and B from where it was temporarily removed earlier.
Current flowing through RL is given by

Vi

I — —_—
Ry + Ry

Hence, Thevenin’s theorem, as applied to d.c. circuits, may be stated as under :

The current flowing through a load resistance R connected across any two terminals A and B of a
linear, active bilateral-network is given by Voc || (Ri + RL) where Vo is-the open-circuit voltage (i.e.
voltage across the two terminals when RL is removed) and Ri.is the internal resistance of the network
as viewed back into the-open-circuited network from terminals A~and B with all voltage sources
replaced by their internal resistance (if any) and current sources by infinite resistance.

How to Thevenize a Given Circuit ?
1. Temporarily remove the resistance (called load resistance R.) whose current is required.

2. Find the open-circuit voltage Voc Which appears across the two terminals from where resistance has
been removed. It is also called Thevenin voltage Vin.

3. Compute the resistance of whose network as investigated from these two terminals after all voltage
sources have been removed leaving behind their internal resistances (if any) and current sources have
been replaced by open circuit i.e. infinite resistance. It is also called Thevenin resistance R or Ti.
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4. Replace the entire network by a single Thevenin source, whose voltage is Vin or Voc and whose
internal resistance is R or Ri.

5. Connect RL back to its terminals from where it was previously removed.

6. Finally, calculate the current flowing through R. by using the equation,

I=V,/R,+R) or I=V,/(R+R,)

Example. State Thevenin’s theorem and give a proof. Apply this theorem to calculate the current
through the 4 Q resistor of the circuit of Fig. 4.2 (a).

Solution. As shown in Fig. 4.1 (b), 4 Q resistance has been removed thereby open circuiting the
terminals A and B. We will now find Vas and Ras which will give us Vth and R respectively. The
potential drop across 5 Q resistor can be found with the help of voltage-divider rule. Its value is = 15 x
5/(5+10)=5V.

Fig. 4.1

For finding Vas, we will go from point B to point A in the clockwise direction and find the algebraic
sum of the voltages met on the way.

-'-VAB:_6+5:_1V~

It means that point A is negative with respect to point E, or point B is at a higher potential than point A
by one volt. In Fig. 2.130 (c), the two-voltage source has been short-circuited.

The resistance of the network as viewed from points A and B is the same as viewed from points A and
C.

~Rag=Rac=5|10=10/3 Q

Thevenin’s equivalent source is shown in Fig. 4.3 in which 4 Q resistors have been joined back across
terminals A and B. Polarity of the voltage source is worth nothing.
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Fig. 4.3

1 3 _0136A From E to A

(10/3) + 4 22

Example . With reference to the network of Fig. 2.132 (a), by applying Thevenin’s theorem find the
following :

(i) the equivalent e.m.f. of the network when viewed from terminals A and B.
(ii) the equivalent resistance of the network when looked into from terminals A and B.
(iii) current in the load resistance RL of 15 Q.

Solution. (i) Current in the network before load resistance is connected [Fig. 4.4 (a)] = 24/(12 + 3 + 1)
=15A

= voltage across terminals AB =Voc =Vth=12x 1.5=18 V
Hence, so far as terminals A and B are concerned, the network has an e.m.f. of 18 volt (and not 24 V).

(i) There are two parallel paths between points A and B. Imagine that battery of 24 V is removed but
not its internal resistance. Then, resistance of the circuit as looked into from point A and B is [Fig. 4.4
(©)]Ri=Rn=12x4/(12+4)=3Q

(iii) When load resistance of 15 Q is connected across the terminals, the network is reduced to the
structure shown in Fig. 4.4 (d).

| = Vth/(Rth + RL) = 18/(15 + 3) = 1 A

3
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Example. Using Thevenin theorem, calculate the current flowing through the 4 Q resistor of Fig. 4.5

(a).
Solution. (i) Finding Vin

If we remove the 4-Q resistor, the circuit becomes as shown in Fig. 4.5 (b). Since full 10 A current
passes through 2 Q resistors, drop across it is 10 x 2 = 20 V. Hence, VB = 20 V with respect to the
common ground. The two resistors of 3 Q and 6 Q are connected in series across the 12 V battery.

Hence, drop across 6 Q resistor =12 x 6/(3 +6) =8 V.
= VA = 8 V with respect to the common ground*

=~ Vih = VBA = VB — VA =20 — 8 = 12 V—with B at a higher potential

l“’- L}JI\K _,_'El_.._\\,l’,Re}l\\.l\(ﬂ

‘ A B

10A
s 7

- =

b) 6= 23

JEE

Fig. 4.5

(ii) Finding Rth

Now, we will find Ry i.e. equivalent resistance of the network as looked back into the open-circuited
terminals A and B. For this purpose, we will replace both the voltage and current sources. Since
voltage source has no internal resistance, it would be replaced by a short circuit i.e. zero resistance.
However,

current source would be removed and replaced by an ‘open’ 1.e. infinite resistance (Art. 1.18). In that
case, the circuit becomes as shown in Fig. 2.5 (c). As seen from Fig. 2.5 (d), Fh=6 |3 +2 =4 Q.
Hence, Thevenin’s equivalent circuit consists of a voltage source of 12 V and a series resistance of 4 Q
as shown in Fig. 2.6 (a). When 4 Q resistors are connected across terminals A and B, as shown in Fig.
2.6 (b).

|=12/(4+4)=15A—fromBto A
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Fig. 2.6

Example 2.63. For the circuit shown in Fig. 2.7 (a), calculate the current in the 10-ohm resistance.

Use Thevenin’s theorem only.

Solution. When the 10 Q resistance is removed, the circuit becomes as shown in Fig. 2.7 (b).

A ﬁ'\‘.’\ :q:

Fig. 2.7

Now, we will find the open-circuit voltage Vag = V. For this purpose, we will go from point B to point
A and find the algebraic sum of the voltages met on the way. It should be noted that with terminals A
and B open, there is no voltage drop on the 8 Q resistance.

However, the two resistances of 5 Q and 2 Q are connected in series across the 20-V battery. As per
voltage- divider rule, drop on 2-Q resistance = 20 x 2/(2 + 5)= 5.71 V with the polarity as shown in
figure. As per the sign convention of Art.

Vap=Vth=+571—-12=-629V

The negative sign shows that point A is negative with respect to point B, or which is the same thing,
point B is positive with respect to point A.

For finding Ras = R, we replace the batteries by short-circuits .
<“RAB=Rth=8 +21|5=943Q

Hence, the equivalent Thevenin’s source with respect to terminals A and B is as shown in Fig. 2.8.
When 10 Q resistance is reconnected across A and B, current through it is I = 6.24/(9.43 + 10) = 0.32
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=08

Fig. 2.8

H.W-1. Using Thevenin’s theorem, calculate the p.d. across terminals A and B in Fig. 2.9.

(] 1
E o C - oA

Fig. 2.9.

H.W-2. Use Thevenin's theorem to find the current in a resistance load connected between the
terminals A and B of the network shown in Fig. 2.10 if the load is (a) 2 2 (b) 1 Q.

H.w-3. The four arms of a Wheatstone bridge have the following resistances : AB = 100, BC = 10, CD
=4, DA = 50 Q. A galvanometer of 20 Q resistance is connected across BD. Use Thevenin’s theorem
to compute the current through the galvanometer when a p.d. of 10 V is maintained across AC.
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